
 

Quantum Channels Pats
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Basic requirements on E s the Kans representation

linearity El p p t CI p o s pElp tf plea

Intuition Toss a coin s prepare p or O and
then apply E Output resultingstate

Apply E to p and O toss a coin
and then output Elp or Eco

Linearity captures thefact that the stateoutput
from procedures s are entirely
indistinguishable



2 Output state needs to be a real state

ie i Tr Elp a normalized

ii Elp s Elp Hermitian

iii legs Elp y 0 positivity
non negating

Infactthis yThese requirements on E are satisfied f can be upgraded
to an only y

El p i Ai p At y we requirethatthe

appliedtojusta subsystem
S't Ii Ait A s y

output ya camel

is a realstate Will
comebacktothislater

t This is called the Kraus Representation

Proof

D El p p t lo pl o s 2 Ail p p xp p o At

p Si Ai pAit t C p E A O At

p Elp H p Elo

2 i Trl Elp Trl E A pAit
Ei Trl AipAit
Si Tel AiAi p

tree preserved so g
s Tr E AtAip
Trl p

Trip t then

TtElp I



D ii eggs
o s O ol o 103 7 O V10

to see this write 0s a 7172 1 Anynormalised

010107 s E X 1 01 712

Fy a o
too

Showing that coll Elp 107 S O V 10

2 Ail Ait write as Ea IX
coll E Ai p Ait 10 s E Col Ai fait 10

I
call Aila ext Ait 10
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Examplesof Common Channels

Unitary Dynamics El s ul ut

Check EiAtti Ata I UV'sutu g

weed It's helpful to know how a unitary on a singlegust
proud effects a state on a block sphere

het p s El I t s o



E p U p ut s il I t s s ul f glut

Claim S O f where O is an orthogonal
matrix

Orthogonalmatrices induce ie O OT 00 I

length preserving rotations Real O 0
on real vectors

ie they are the realanalogueofunities

Proof

To show that O is orthogonal we just need to show
that 51 Is 1

To do so we note that Irks 01 Tr Ei si o

Tr Ei Sis OiOj
Ei sis 8ij
Ei si s 1st

Now we note that

1st s 014 If u r o ut stfu r 012ut fTr ringVoid

Eri Irt

151 151 D O is orthogonal



To get a better handle on the natureof this rotation
note that

Any unitary on a qubit can be written as

if this isn't immediately
U eid a g

of vous note thatany
unitary can be writer as

U s e
it't

and H
can always be expanded
in the Pauli basis

which is equivalent to

U e
O A E

cos o I ti silo I E

if you've notshownthisbefore
it's worthproving it toyourself

What is theeffectof evolving loot under
e
it on

did 9 2
10 s cos 0 i o is o or 107

s cos 6 103 t i so 15

eg
Ek 107 cos me ios isn't d 15

tocoif rotationabout
I t y

µ
ai by
angle
20

Exercise Show that Eid E
ry

corresponds to a rotationabout a
Vectorby an angle 20 oh i



2 Isometric Dynamics El s U jut
Check Eia'iAi Utd I Note weonly use Uto I

s not out f
U could be an isometry

that isn't also unitary

eg consider A 10 s E 103 123

4 157 EL Is t 137

This maps the system from a 2d Hebertspace 107,17

to a ed space 107 183,123,133

Convex combination of Unities

El Ii pill Jut
0s s

T
ai ait s Kitui I

Read apply unitary Ui wite probability Pi

Ai Tpi Ui
Check Ei Ai Ai s i pillitUi Ei pi I I

Completely

4 Dephasing A 0 10201
A 1 153251

Check Ei AitAi 1532 1 107 01 I



What does this channel do

p s ele r o El y II

Elp s Colpros loseol t Calpl t 15231

to 5 z
Dephasing map kills the off diagonal components
returns a classical state

5 Completely Depolarizing Map
Given some fried state t

Elp T Y p
This is a valid channel because it's Liars outputs
a legitimate state

So it must bepossible to write it in termsof Krausoperators
To see Zonfirstwrite T in terms of its eagerdecomposition

I s i Xilwail
Then we can use Ai's Tai lais jl
To see why thisworks note that

E p ij Xi lai ol pls Xi

Trip Y s t



Also check E A tAj Ei Ai lpeaty j

ifi 2 I j j I

Exercise What about a non completely polarizingmap

eg one that outputs T wit probably P
P I p

What are the Kraus operators now

6 The Measure record and update Channel

E p
s E in calx a PupBut

a

III m
y measurement systembeing

agree
Ak I K 0 OK

joy

In the cul o Bu p But I

Check In AntAus En C É ButBu I

H Batou

ie A a is a legit set of Kraus operators if Bu
are a set of Kraus operators



What has thisgot to do with measurements

Let's look at the reducedoutputstate on the classicalregister

Tf Elp Irs f En la cut to BupBut
s Ea tu cul Trs Eat me Bato

In Tr Mup in cut

Eu Pu tu cut I Pu TrlMup

Because nut Bak s OutBu Mu is Hermitian it has

real eigenvalues Moreover these eigenvalues are necessarily

non negate because plButBut07 11 But0511 30 to

So Mu is a the Hermitian operator

s Eamu u ButBu I by assumption

i Mu defines a POUM

s pitt just the probabilityof gettingthe kin outcome
If we measure the classicalregister as it's in the state

Eu Pulu all we get the ke outcome wit probablyP
ie the measurement out cone has been recorded in the

classical register X



What y we trace out the second register instead

Then we get

Trx Elp TryKkkulxoOupout

EapOut Jermynstandard
channel

E p
s E tusculx a PupBut

as aclassicalregister
y measurement

a measurementupate
outcome rule classicallycorrelated

wit corresponding recorded
mommy gone

Thatis if we look at the stateof the system conditional on

obtainingmeasurement outcome 1 Xxl x we have

P J Elp 2
l seal to Bepost

i.lk oI elp

This is not a normalisedstate the normalised output state
would be

Pont s in ol o p wit Po Ying



ie a POUM M a such tht Mus ButBu
tells us two things The probabilityofgettingoutput K

TrlMep
An update rule

p p It
But note this update rule is not unique

say Bu s Bu UP unitifiromety

ButBu s BututuOn ButBu Mu

Thus it's important to draw a distinctionbetween the

POUM themeasurement which is all about how to extract

information from a state s the optional state update
rule which concerns the evolution of the state

7 Partial Trace E pao TrotPao Po
An IA O Cielo

Check it works
a AupAnt IIa ul pltn 0tn

Trolp
AnAu I 1h44 s I Ao

k



8 State Preparation

In Astute tobepreparetrivial input

An Fi I xis

Check it works Eu Ault Ant s u Xullekul

p
Check In At Au In Xu Xu I

Note

Combinationsof channels are channels

fo E p Fl Elp F Ei Aip Ait
T T

B 1 Bj Ail At E B Aip AitOut
Can introduce new Krausoperators Egg

for the concatenated channel

E Cup Cat

Check E chcu s E At 858 Ai
s At558A



Punchline Basically everything that happens in

quantum theory can be thought of as aquantum
channel

State preparation
Evolution

Discarding a system
Measurement more on this
Updates aftermeasurement
Interactions wit an environment

oh

This unifyingperspective as we will see can at times

be helpful


